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Exploiting H∞ Sampled-Data Control Theory for High-Precision
Electromechanical Servo Control Design
Tom Oomen, Marc van de Wal, and Okko Bosgra
Abstract— Optimal design of digital controllers for industrial
electromechanical servo systems using an H∞ -criterion is
considered. Present industrial practice is to perform the control
design in the continuous time domain and to discretize the
controller a posteriori. This procedure involves unnecessary
approximations. Alternatively, a direct sampled-data control
design can be made, where an optimal discrete time controller
is computed for a continuous time standard plant. Though theoretically and numerically solvable, a sampled-data approach
is hardly feasible in an industrial environment. In this paper, a
discrete time control design approach is taken. Tools that stem
from sampled-data control and multirate systems theory are
presented to evaluate the intersample behavior in the frequency
domain, since intersample behavior is not explicitly addressed
during discrete time control design. Experimental results are
given to illustrate the effectiveness of the proposed discrete
time control design approach and to illustrate the importance
of intersample behavior in practical applications.

I. I NTRODUCTION
Industrial high-precision electromechanical servo systems
are subject to increasing demands regarding speed and performance. An example of such a system is a wafer stage,
that is part of a wafer scanner. Wafer scanners are used
for the production of Integrated Circuits (ICs), see [22].
Besides a perfect electromechanical design, an appropriate
control system is required to meet these ever increasing
demands. Recently, advanced control design tools based on
H∞ -optimization have successfully been applied to wafer
stages [25]. The key to success is that H∞ -optimization can
handle MIMO plants, it can deliver robust controllers, and
the design can be based on loopshaping techniques.
Traditionally, both the theory required for H∞ optimization [9] and industrial control design tools have
been developed in the continuous time domain. Performing
the control design in the continuous time domain is most
natural, since the electromechanical system evolves in
continuous time. The resulting controller, however, is
typically implemented in a digital environment because of
high flexibility. The discrete time controller operates at a
prescribed sampling frequency due to computational and
economical reasons. The conversion of a continuous time
controller into the discrete time domain often involves an
approximation [11].
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In the last decade, H∞ optimal control theory has been
further extended to handle both discrete time [12] and
sampled-data systems [4], [7]. Sampled-data control design
solves the true control goal: the design of a discrete time controller for a continuous time plant with appropriate AnalogDigital (AD) and Digital-Analog (DA) converters and continuous time performance specifications. The present state of
affairs in industry is still a continuous time control design
with a posteriori controller discretization. Due to increasing
demands regarding speed and accuracy, explicitly accounting
for the digital controller implementation is inevitable in highperformance industrial applications.
A sampled-data approach is not yet feasible in an industrial
control design procedure, since an accurate continuous time
model of the system is required. Such models are not
straightforward to obtain in practice [19]. Also, addressing
Linear Time Invariant (LTI) uncertainty results in a large
computational burden [10] and a loopshaping-based design is
not straightforward. In this paper, a control design approach
is taken, where:
• a discrete time H∞ control design is performed, based
upon a model of the electromechanical system as seen
from the digital computer. Consequently, performance
is specified at the controller sampling instants. No
approximations are present in the design procedure.
• the intersample response, i.e., the response of the electromechanical system in between the controller sampling instants, is evaluated a posteriori to control design.
This step requires a discrete time plant model at a higher
sampling frequency or a continuous time plant model.
The former results in a sampled-data analysis problem,
whereas the latter results in a multirate analysis problem. If the intersample behavior is not satisfactory, the
discrete time control design will be improved iteratively.
The remainder of this paper is organized as follows.
In Section II, a continuous time control design approach
based on H∞ -optimization/μ-synthesis is reviewed that has
successfully been applied to high precision motion systems.
In Section III, a discrete time control design approach is
presented that extends the approach in Section II in the
sense that the digital controller implementation is explicitly
addressed. In Section IV, sampled-data control theory is
briefly reviewed. It is argued that sampled-data control
design does not fit into a high-precision industrial control
design approach. Several tools from sampled-data and multirate control are exploited to analyze the intersample response
of the system to exogenous inputs. In Section V, experimental results are given to demonstrate the effectiveness of
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the proposed discrete time control design approach and to
illustrate the importance of intersample behavior in practical
applications. For ease of presentation, only the SISO case is
considered, extensions to the MIMO case are conceptually
straightforward, see [25].

certainty model in the control design procedure by
introducing fictitious exogenous inputs and outputs.
5) Controller synthesis: compute

II. C ONTROL D ESIGN FOR H IGH -P RECISION
I NDUSTRIAL A PPLICATIONS

e.g., by using a commercially available toolbox [3]. If
the order of the resulting controller is too high, reduce
its order to enable real-time implementation [26].
6) Controller discretization: the controller resulting from
Step 5 is typically a continuous time controller that
should be discretized to enable digital implementation.

A review of a continuous time control design procedure
is given that uses H∞ -optimization/μ-synthesis. The setup
of Fig. 1 is used throughout this section. Here, w is the
vector of (weighted) exogenous inputs, e.g., reference signals
and disturbances, z is the vector of (weighted) exogenous
outputs, e.g., actuator and error signals, u is the vector
of manipulated variables and y is the vector of measured
variables. Furthermore, Gc denotes the continuous time
standard plant that contains a continuous time plant model
Pc and appropriate weighting filters, and Kc denotes a
continuous time controller. Throughout this paper, all models
are assumed to be LTI.
w

Gc

z
y

u
Kc
Fig. 1.

Kc = arg min Fl (Gc , Kc )∞ ,
Kc

(1)

B. Shortcomings
The approach in Section II-A has two shortcomings.
Firstly, Step 2 is not straightforward. The data used for SI
are collected on a digital computer. The resulting model is
then a discrete time one. Without any further assumptions
on the underlying continuous time plant, it is not possible
to reconstruct an accurate continuous time model from a
discrete time model [8], [19]. Secondly, Step 6 typically
involves an approximation [11]. The approximation error
reduces if the sampling frequency is increased. In practice,
however, the sampling frequency is upper bounded due to
computational and economical reasons and an approximation
error is inevitable.

Continuous time standard plant.

III. A S TEP T OWARDS D ISCRETE T IME C ONTROL

A. Design Procedure
A stepwise approach is summarized that enables the
design of high-performance MIMO controllers for electromechanical systems. The design procedure is often performed
iteratively. For a more detailed exposition and assumptions
regarding the plant Pc , see [25].
1) Control goal and structure: define exogenous inputs w
and exogenous outputs z. Moreover, define the measured variables y and manipulated variables u.
2) Plant modeling: model the plant as a continuous time
finite dimensional LTI system. Either physical modeling [17] or System Identification (SI) techniques [16]
can be used. SI is most useful for electromechanical
systems, since it enables an accurate identification of
parasitic, flexible dynamics and experimentation is relatively cheap. Furthermore, the frequency domain is used
for SI, since this has several advantages over a time
domain aproach, see [18]. Reduce the order of the plant
if necessary, see, e.g., [26].
3) Control goal quantification: quantify the control goal
by means of frequency domain weighting filters. The
proposed weighting filters in [25] resemble manual
loopshaping ideas, see also [21]. Specifically, bounds
are defined for closed-loop transfer function matrices,
e.g., the sensitivity function S(s). These weighting
filters are incorporated in the standard plant Gc .
4) Model uncertainty quantification: this optional step
enables the designer to explicitly incorporate an un-

A discrete time control design approach is presented that
does not have the deficiencies of Section II-B. The proposed
approach makes use of the bilinear transformation that is
elaborated on first. Then, a stepwise approach is presented
that is similar to Section II.
A. Uniting Continuous and Discrete Time Control Design
The bilinear transformation provides a link between discrete time and continuous time systems. Assume that a
discrete time plant model is given by Pd (z). The corresponding discrete frequency response is obtained by substituting
z = ejωh , where h denotes the sampling time. The bilinear
transformation is a conformal mapping and is defined as
az + b
,
(2)
cz + d
where a, b, c, d ∈ C, ad = bc, and w and z are complex indeterminates. If the complex planes are extended appropriately,
the mapping (2) is one-to-one and onto and hence an unique
inverse transformation exists. Setting a = h2 , b = − h2 , and
c = d = −1 yields the Tustin transformation:
w=

w=

2 + hw
2(z − 1)
, z=
.
2(z + 1)
2 − hw

(3)

Substitution of (3) into Pd (z) yields Pd (w). Pd (w) is a nonphysical system that has continuous time properties, i.e.,
w resembles the Laplace variable s. Hence, the frequency
response of Pd (w) is obtained by substituting w = jν,
where ν is a fictitious frequency. The Tustin transformation
preserves:

1087

5) Controller synthesis: using the plant Pd (w) and the
weighting filters in the w-plane, a standard plant is
constructed in the w-plane. Then, an H∞ -optimal controller is computed in the w-plane using continuous time
optimization algorithms, see [9] and [3]. If the order of
the resulting controller is too high, reduce its order using
the continuous time tools of [26].
6) Controller transformation: the controller, resulting from
Step 5, should be transformed from the w-plane into the
z-plane to enable discrete time implementation. This
does not involve any approximation: if Kd (w) satisfies
certain frequency domain specifications in terms of
the fictitious frequency ν, then Kd (z) satisfies these
frequency domain specifications in terms of the true
frequency ω.

1) McMillan degree,
2) stability,
3) the
frequency
response,
i.e.,
Pd (w)|w=jν =
Pd (z)|z=ejωh , where the frequency axis is rescaled by
 
2
ωh
ν = tan
,
(4)
h
2
4) the H∞ -norm, which is a consequence of property 3.
Note that in [7] and [3] the bilinear transformation to solve
the discrete time H∞ control problem by using Property 4.
In this paper, use is made of Property 3 for design purposes.
B. Design Procedure
A stepwise procedure is given that enables the iterative
design of high-performance discrete time controllers. The
corresponding discrete time standard plant is depicted in
Fig. 2. The discrete time signals in Fig. 2 are defined
similarly as in Fig. 1 and are denoted by Greek symbols.
ω

ζ
Gd

ν

ψ
Kd

Fig. 2.

Discrete time standard plant.

1) Control goal and structure: define the signals in Fig. 2.
This step is similar to Step 1 in Section II-A.
2) Plant modeling: model the discrete time finite dimensional LTI system. Here, SI techniques can unambiguously be applied, since the data set and the model
structure are both in the discrete time domain. Next,
transform the discrete time model Pd (z) into Pd (w), see
Section III-A. The model reduction tools of [26] can be
applied, since Pd (w) has continuous time properties.
3) Control goal quantification: quantify the control goal
by means of frequency domain weighting filters. Since
the bilinear transformation preserves the frequency response, it does not matter for the solution of the control
problem whether the filters are defined in the z-plane
or w-plane. However, the specification of loopshapingbased filters is more intuitive in the w-plane due to
Bode’s gain-phase relationship [5], i.e., asymptotes can
easily be determined. This fact was already observed
in [13]. Note that true frequency ω should be translated
to the fictitious frequency ν using (4).
4) Model uncertainty quantification: determine an uncertainty model in the w-plane. A common method to
model uncertainty is to compute the maximum additive error between the plant model and the identified
Frequency Response Function (FRF) on at a discrete
number of frequencies. Then, this upper bound is fitted
by a real-rational transfer function. In the discrete time
case, both the plant model and the identified FRF are
transformed into the w-plane. Next, the upper bound is
fitted in the w-plane using continuous time tools [3].

IV. E XPLOITING S AMPLED -DATA C ONTROL T HEORY
The intersample behavior is not taken into account in the
discrete time control design approach of Section III. It is
well-known that several control design techniques deteriorate
the intersample behavior, e.g., due to the cancelation of
sampling zeros [2]. The intersample behavior depends on
the particular discrete time controller, the continuous time
plant, and the exogenous signals present in the setup of
Fig. 3. The key idea is to evaluate the intersample behavior
using frequency domain tools. The sampled-data synthesis
problem, i.e., the design of a discrete time controller taking into account intersample behavior, is discussed first in
Section IV-A. Concepts from Section IV-A are required for
the introduction of the sampled-data analysis problem in
Section IV-B.
A. Sampled-Data Synthesis
The sampled-data control design problem amounts to the
design of a discrete time controller for a continuous time
plant with AD and DA converters, see Fig. 3. Sampled-data
control addresses the true control goal, since performance is
evaluated in the continuous time domain for most industrial
applications.
w
u
DA
ν
Fig. 3.

Gc

Kd

z
y
AD
ψ

Sampled-data standard plant.

The sampled-data system of Fig. 3 is Linear Periodically
Time Varying (LPTV) if Gc and Kd are LTI. An important
consequence is that the frequency separation principle is
lost: if the exogenous input w consists of one frequency
component ωi , the output z contains the frequencies ωi +lωs ,
l ∈ Z, ωs = 2π
h . Furthermore, the notion of transfer function
does not apply for sampled-data systems and Bode diagrams
cannot be made. This also implies that the worst-case L2 gain, i.e., the H∞ -norm, may not be obtained for a sinusoidal
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input signal of a single frequency. Hence, loopshaping based
H∞ -design is not straightforward for sampled-data systems.
In [1], [27], an alternative definition is given for the FRF of
sampled-data systems. This sampled-data FRF is also called
the Robust Frequency Gain (RFG), see [15]. The key idea
is to determine for each ω ∈ [0, ωs ) the input signal in the
set


∞

jωt+jlωs t
wl e
, wl 2 < ∞ ,
(5)
w(t)|w(t) =
l=−∞

that leads to the largest L2 -induced gain:
RFG(jω) = sup

w∈L2

z2
.
w2

(6)

The RFG is suitable for H∞ loopshaping, since its peak
value over frequency equals the H∞ -norm of the sampleddata system [27]. To study performance, however, it is
desirable to evaluate the response of a sampled-data system to a sinusoidal input of a single frequency and not
collect several frequencies as in (5). Hence, sampled-data
loopshaping is not directly suitable for high performance
motion control. Furthermore, including LTI uncertainty is
not straightforward, see [10]. The alternative signal-based
approach [20] is often too time-consuming in an industrial
environment. This motivates the discrete time control design
approach in Section III.

sinusoidal input signals, similar to the Bode diagram for LTI
systems.
To analyze intersample behavior, knowledge of the plant
is required at a higher sampling frequency than the sampling
frequency of the controller. Regarding the PFG and RFG, it
is assumed that a continuous time model is available. This
is an unrealistic assumption in industrial applications, see
Section II-B. However, it is often possible to identify the
plant at a higher sampling frequency ωs,h than the controller
sampling frequency ωs,l , where ωs,h = F ωs,l , F = 2, 3, . . .,
since SI is computationally less demanding than real-time
control. For instance, a dedicated spectrum analyzer can be
connected to the feedback control loop. The plant model
at a higher sampling frequency ωs,h can be interconnected
with the controller at the low sampling frequency ωs,l using
an upsampler Su , zero-order-hold interpolator IZOH , and
downsampler Sd [23], instead of the usual AD and DA
converters, see Fig. 4. The system in Fig. 4 is multirate and
LPTV. Next, the PFGh is defined as
jω ω2π

PFGh (e

zP
,
wP

ζh P
,
ωh P

(10)

lim

(11)

k=−N

Contrary to the PFG, computation of the PFGh for multirate
systems only involves a finite summation.
ωh
νh
Hu
IZOH

Gh

ψh
Sd

Su
ν

ζh

Kd

ψ

(7)
Fig. 4.

where sP is the power norm of a signal s(t), defined as

 T
1
s(t)P =
lim
s(t)2 dt
(8)
T →∞ 2T −T
This PFG leads to another definition of frequency response
for sampled-data systems. The PFG involves an infinite
summation. However, a closed-form computation method for
the PFG is given in [15]. It can be observed that
PFG(jω) ≤ RFG(jω).

ωh =0

N

1
σ[k]2 dt.
N →∞ 2N + 1

σ[k]P =

The importance of Bode diagrams is well understood in
industry, since the expected performance of a controller
can easily be determined. For instance, many disturbances
have a periodic, sinusoidal character. Hence, the disturbance
attenuation properties of a controller for such disturbances
can easily be determined from the closed-loop transfer functions. To investigate the intersample behavior of the sampleddata system of Fig. 3, the Performance Frequency Gain
(PFG) [15], [6] is introduced. Assuming the input signal w
is sinusoidal of a single frequency, the PFG is defined as
w=0

) = max

where ωh is assumed to be a sampled sinusoid of a single
discrete frequency and the power norm of a discrete time
signal σ is defined as

B. Sampled-Data Analysis and Multirate Extensions

PFG(jω) = max

s,h

(9)

Thus, in general the peak value of the PFG does not equal
the H∞ -norm of a sampled-data system, which limits the
use of the PFG for H∞ -loopshaping. However, the PFG is
useful for frequency domain intersample behavior analysis,
since it considers the response of sampled-data systems to

Multirate standard plant.

V. I NDUSTRIAL E XAMPLE
A controller is designed for a next-generation industrial
wafer stage using the approach of Section III. Wafer stages
are used for positioning a silicon disc (wafer) with respect
to the imaging optics in wafer scanners. An extremely high
position accuracy is required due to the fine patterns on the
to be produced ICs. The design is improved iteratively to
attenuate a particular disturbance. In this particular case,
sampled-data analysis shows that the intersample behavior
can be poor compared to the response of the system at the
controller sampling instants.
The wafer stage is controlled in all six degrees-of-freedom.
Interferometers with sub-nanometer accuracy are used for
sensing. The system is rigid-body decoupled by appropriate
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Magnitude [dB]

sensor and actuator placement and transformation. In the
remainder of this section, only the vertical direction is
considered. The other degrees-of-freedom are controlled by
standard PID controllers.
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Fig. 6.
Bode plot of Kd,nom (z)|z=ejωh (solid), Kd,nom (w)|w=jν
(dashed), Kd,eb (z)|z=ejωh (dash-dotted).

Position error ez [m]

time controller, whereas the latter is used to investigate the
intersample behavior later on. There is a dominant (discrete
time) frequency of 250 [Hz] in the 1250 [Hz] measurement.
The weighting filters of Step 3 are modified to account for the
measured error spectrum, see [24]. The resulting controller
is called Kd,eb and is also depicted in Fig. 6. The main
difference with Kd,nom is that Kd,eb has a large peak around
250 [Hz]. The resulting error signal after implementation
of Kd,eb is depicted in Fig. 8. The 250 [Hz] component
has effectively been removed from the error signal in the
1250 [Hz] measurement.
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The discrete time control design procedure of Section III
is briefly discussed for the wafer stage example.
1) Control goal and structure: a four-block problem is
defined analogous to [25] and cast into the standard
plant formulation of Fig. 2. The sampling frequency
of the controller equals 1250 [Hz], hence the Nyquist
frequency equals 625 [Hz].
2) Plant modeling: a FRF is identified at 1250 [Hz] and
a 10th order model Pd (z) is estimated using [14]. This
model is transformed in the w-plane, see Fig. 5. A
high order plant model is used, since the high-frequent
parasitic dynamics limit the achievable performance and
may endanger closed-loop stability.
3) Control goal quantification: weighting filters are defined
in the w-plane based on loopshaping ideas, see [25] for
the particular parametrization of the weighting filters.
4) Model uncertainty quantification: not addressed.
5) Controller synthesis: an H∞ -suboptimal controller is
computed using [3]. The resulting controller Kd,nom (w)
has 13 states due to the order of the weighting filters
and the plant model.
6) Controller transformation: inverse transformation of
Kd,nom (w) into Kd,nom (z), see Fig. 6, yields an implementable controller. It can be observed that Kd,nom
had a PID characteristic with high-frequent roll-off due
to the particular choice of weighting filters.
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Fig. 7. Measured errors using Kd,nom (z), sampling frequency 1250 [Hz]
(solid), sampling frequency 5000 [Hz] (dashed).
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C. Intersample analysis

Fig. 5.
Bode plot of plant: identified FRF at 1250 [Hz] (solid),
Pd (z)|z=ejωh (dashed), Pd (w)|w=jν (dash-dotted).

B. Error-based redesign
Fig. 7 shows experimentally obtained error signals using Kd,nom during standstill, i.e., the reference trajectory
equals zero. The bottom figure depicts the Cumulative Power
Spectrum (CPS) that gives the distribution of the signal
power over frequency. The error signals are both extracted
from the control loop at 1250 [Hz] and at 5000 [Hz]. The
former is the signal that is available as input for the discrete

In Section V-B, it is observed that Kd,eb has effectively
reduced the error signal at the controller sampling instants.
However, when comparing Fig. 8 with Fig. 7, it can be
observed that the system response in between the controller
sampling instants has significantly deteriorated. Intuitively,
this is best explained by the fact that the error signal of Fig. 7
contains aliased components: the discrete time controller is
too slow to effectively attenuate such disturbances. If the true
frequency of the disturbance was at 250 [Hz], the disturbance
would have effectively been attenuated. This can be observed
jω 2π
from PFGh (e ωs,h ), see Fig. 9, where a discrete time plant
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Position error ez [m]
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1.5

sampling frequency suffices for the computation of the
PFGh . Experimental results demonstrate the effectiveness of
the proposed design approach and illustrate the importance
of intersample behavior.
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model with sampling frequency ωs,h = 5 [kHz] is used.
Plant output disturbances are considered as exogenous inputs.
From Fig. 9, it can be observed that sinusoidal disturbances
with a frequency of 250 [Hz], the power of at output is
reduced by 28.4 [dB] compared to the input power. At
1000 [Hz], the power of the output is increased by 2.85 [dB]
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with Fig. 7 and Fig. 8. No quantitative results should be
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VI. C ONCLUSIONS
A control design approach is proposed that extends a
present industrial design practice in the sense that the digital
controller implementation is explicitly addressed. Since no
approximations are involved in the control design procedure,
higher performance can be achieved compared to continuous
time control design with a posteriori controller discretization.
The intersample behavior issue is covered by an a posteriori intersample behavior analysis and iterative redesign of the
discrete time controller. The intersample behavior analysis
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since accurate modeling of continuous time systems from
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